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ABSTRACT 

The choice of appropriate educational materials, visual or physical, for teaching mathematics to children on the 
autism spectrum, is an important topic in the context of inclusive education. In this article we first focus on some 
theoretical issues concerning the manipulative material, on the teaching of proportional quantities in the Greek 
high school and the difficulties it presents, as well as on the Asperger syndrome. We present the design, the 
implementation and the basic results of a teaching intervention conducted in a 14-year-old student with Asperger 
syndrome studying in the 8th grade of a high school in Greece on the use of manipulative materials for solving 
authentic real-world and word mathematical problems. The research showed that the student understood the 
differences between the real analogy and the illusion of linearity inherent in the problems he was given to solve 
using manipulatives. The paper concludes with suggestions, perspectives and limitations for teaching proportion 
problems and the tackle of the illusion of proportionality using manipulatives. 
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INTRODUCTION 

Although the issue of a strict definition of the term “manipulative” 

remains open, for the purposes of this study we adopt Swan and 

Marshall’s (2010) approach, according to which “a mathematics 

manipulative material is an object that can be handled by an individual 

in a sensory manner during which conscious and unconscious 

mathematical thinking will be fostered”.  

The terms of manipulative materials are more or less often used in 

the teaching of mathematics and give children the opportunity to 

explore mathematical ideas, concepts and procedures, and develop their 

mathematical skills and knowledge (Bujak et al., 2013; Sulistyaningsih 

et al., 2017; Zippert et al., 2019). The use of manipulative materials and 

visual aids in the educational process seems to have positive effect 

(O’Meara et al., 2020). Especially, in the teaching of geometry to 

children with special learning difficulties (SLDs), colored markers and 

the website Byrne’s Euclid have positive learning outcomes (Rizos & 

Foykas, 2023). 

On the other hand the term “proportionality”, that is equality 

between two ratios, not only refers to a variety of situations in everyday 

life, but is a basic concept in science and is found in various fields of 

mathematics, such as algebra, statistics, etc. (Putarek & Vlahovic-Stetic, 

2019). In the context of mathematics education, the term “proportional 

reasoning” is used almost equivalently to the term “linear reasoning”, 

especially to express the relationship 𝑓(𝑎 ∙ 𝑥) = 𝑎 ∙ 𝑓(𝑥) , and this 

equivalence is adopted in this paper.  

Due to their simplicity and wide applicability, linear models (e.g., 

the rule of three) are the first that come to students’ minds from the 

early grades up to higher education. Thus, students tend to create 

patterns of linear reasoning on every occasion so that they can interpret 

all problems using these patterns, a quite universal phenomenon called 

“illusion of linearity” or “illusion of proportionality” or “pseudo-

proportionality” (Christodoulou, 2022; De Bock et al., 2002; Modestou 

& Gagatsis, 2007; Modestou et al., 2008; Van Dooren et al., 2004). The 

illusion of linearity has a deep historical background. One of the earliest 

examples of this phenomenon can be found in the Platonic dialogue 

Meno, where Socrates asks Meno’s slave to draw a square of double area 

of a given square and he doubles the sides of the square. 

As it is well known that children with Asperger syndrome have 

special skills in mathematics (Carr & Seah, 2019; Uddin, 2022; Wright 

et al., 2020), we aimed to investigate the spontaneous reactions and 

strategies that these children have when dealing with pseudo-

proportionality problems, with a perspective of the wider application 

of the good practices that may emerge in children on the autism 

spectrum. In this paper we focused on teaching authentic real-world 

and word mathematical problems of proportionality and pseudo-
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proportionality using concrete materials (rope, pegs, millimeter paper, 

multicolored pens, and more) to a student with Asperger syndrome.  

Authentic real-word problems are those that people recognize as 

problems that they may be facing in their daily lives (Kohen & 

Orenstein, 2021; Verschaffel et al., 2020), are different from the word 

problems that describe pseudo-realistic situations, and often seem to 

make it difficult for all children, including those with Asperger 

syndrome, to understand (Verschaffel et al., 2020; Vos, 2018).  

The integration of authentic real-world problems in the teaching of 

mathematics helps children to connect mathematics with their everyday 

life (Abassian et al., 2020). On the other hand mathematical word 

problems do not allow students to engage directly with the problem and 

many times do not involve real situations or have no relevance to the 

real world (Verschaffel et al., 2020). The use of manipulative materials 

to solve authentic mathematical problems is proposed as a good practice 

for children with typical development (Hurst & Linsell, 2020). 

In the context of “inclusive education”, which refers to the effort to 

overcome every obstacle that stands in front of the participation and 

learning of all children (Lindner & Schwab, 2020; UNICEF, 2017), 

teachers are encouraged to implement inclusive educational practices 

with the aim of attracting the interest of all students (Billingsley & 

Bettini, 2019). It should however be noted that inclusive education 

requires the introduction of innovative teaching methods and 

manipulative materials that will stimulate the interest of all children 

with or without special educational needs (Shin et al., 2019).  

In the above context and given that proportionality and 

proportional quantities are key points of modern curricula in secondary 

education and appear very often in science and everyday life, we 

conducted a two-month teaching intervention in algebra in a Greek 

high school. The participating student, let as call him “Hermes”, has 

been diagnosed with Asperger syndrome and attends the 8th grade. Our 

teaching intervention focuses on teaching and learning authentic real-

world mathematical problems with the use of manipulative materials as 

well as word mathematical problems. 

Research on solving authentic problems of proportionality and 

pseudo-proportionality by children with Asperger syndrome, as far as 

we know, has not been implemented to date in Greece. Bearing all the 

above in mind, we pose the following research questions in our survey, 

which is focused on a child with Asperger syndrome, attends the 8th 

grade of a Greek high school: 

1. What are the spontaneous reactions of a child with Asperger 

syndrome when asked to deal with a pseudo-proportionality 

problem? 

2. Can authentic real-world problem solving using manipulatives 

bring positive learning outcomes in a child with Asperger 

syndrome? 

The results of our research showed that Hermes initially struggled 

with the word problems due to weaknesses in understanding the 

content of written language. When the teacher explained to him what 

exactly the problem was, he was able to solve it. However, when asked 

to tackle authentic real-world problems using manipulative materials, 

he approached them very satisfactorily on his own, without asking for 

help, and avoided the trap of the illusion of linearity.  

THEORETICAL CONSIDERATIONS 

About Use of Manipulative Materials 

The use of manipulative materials for teaching mathematics seems 

to have positive learning outcomes. According to the literature review 

by Laski et al. (2015) the use of manipulatives during the teaching of 

mathematics promotes the mathematical skills of preschool or older 

children. O’Meara et al. (2020) studied the use of manipulative materials 

during the transition from primary to secondary education. Researchers 

report that primary teachers use manipulatives more often in teaching 

mathematics than secondary mathematics teachers, resulting in 

children experiencing difficulties during the teaching of mathematics. 

Another literature review on the same issue showed that the use of 

manipulative materials for teaching mathematics promotes positive 

learning outcomes compared to traditional teaching (Larkin, 2016). 

Meke et al. (2019) implemented a survey of 40 secondary school 

children, which included different mathematical activities. The results 

showed that the use of manipulatives helps children to master abstract 

mathematical concepts and at the same time make math lessons more 

attractive, since children are actively involved in them. Peltier et al. 

(2020) observed that a child with a disability used manipulatives to solve 

a math task in an effective way, as children’s very high score indicates. 

Especially in solving mathematical problems of proportionality and 

pseudo-proportionality, the utilization of manipulative materials can 

have positive learning outcomes. According to Daher (2014), the use of 

manipulative materials and representations has a positive effect on the 

teaching of mathematics and the interconnection of manipulative 

materials and presentations with the child’s senses helps the child to 

understand the mathematical objects presented to it. De Bock et al. 

(1998) conducted a survey of 12-13 and 15-16 years old children given 

non-linear area and length word problems to examine whether the 

children applied the model of linearity in solving them. The results 

showed that children’s thinking is influenced by the linear model and 

the use of drawings and manipulatives can prevent the incorrect use of 

this model. Krawitz and Schukajlow (2020) implemented a survey of 

180 students to investigate the effect of using drawings in solving non-

linear geometry problems. According to their results the use of design 

strategies in solving nonlinear geometric problems has positive 

learning outcomes. Another study conducted by Vanluydt et al. (2022) 

on children aged six-seven years to investigate how children deal with 

word problems and analogy problems with either addition or 

multiplication. For the presentation of the problems, the researchers 

used manipulative materials and illustrated pictures, which contributed 

positively to children’s understanding of the problems. 

Jitendra et al. (2019) carried out a survey in 36 schools in five 

regions with the participation of 59 mathematicians and 1,492 children. 

The purpose of this research was to evaluate children’s performance in 

mastering the mathematical concepts of “ratio” and “percentage” with 

the use of manipulative materials and virtual representations. The 

results showed that children understood the concept of proportion in 

depth in mathematical problems using visual representations and 

manipulative materials. Goldin (2020) conducted a literature review on 

the use of mathematical representations (manipulatives materials, 

diagrams, graphics, etc.) in the teaching of mathematics. He states that 

use of manipulatives to understand concept of proportion that occurs 

in geometric and algebraic problems has positive learning outcomes. 
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Especially for children with Asperger syndrome the use of visual 

representations and manipulatives in solving mathematical problems 

has positive learning outcomes. Cox and Root (2020) showed that the 

use of adapted shapes enhances the mathematical skills of children with 

Asperger syndrome. In roughly the same context Peklari (2019) 

concluded that the performance of a child with Asperger syndrome is 

significantly influenced by the learning tools used (materials) and the 

content of math problems. More specifically, the content is in general 

confusing for children with Asperger syndrome while the use of 

materials helps them to solve those problems. According to Chico et al. 

(2022), the use of visual elements, such as manipulative materials and 

colors when solving problems by children with Asperger syndrome, 

reduces the child’s difficulties in solving the problem and encourages 

the child to solve the problem correctly. 

Fauziyah et al. (2022) implemented a study on how high 

intelligence children with Asperger syndrome deal with mathematical 

problems. Results showed that these children developed strategies for 

solving mathematical problems when appropriate educational 

manipulatives were used. Also, Bakar and Fauzi (2019) found that 

children on autism spectrum work on mathematics problems more 

easily when instruction is on use of manipulatives materials. More 

specifically, the researchers used origami, the Japanese art of paper 

folding, during teaching of mathematics and learning outcomes for 

children with autism (and children with Asperger syndrome) were 

positive. In this context, Valori et al. (2022) showed that simultaneous 

use of origami and dynamic geometry software in teaching geometry 

enhances children’s geometric thinking while solving a problem. 

Elements of Greek Curriculum and Teaching Practice 

The teaching of proportional quantities is included in algebra 

course in high school, which is taught three hours per week. The 

textbook is unique and contains, in addition to algebra, basic elements 

of Euclidean geometry, which are taught once a week. The curriculum 

includes algebraic terminology, algebraic relations and diagrams such as 

solving first degree equations, descriptive statistics, and rational 

numbers. 

Modestou and Gagatsis (2008) describe the concept of ratio as the 

relations between two quantities, which are divided into two categories: 

the relations “within”, i.e., relations corresponding quantities of the 

same kind, and the relations “outside”, i.e., ratios of corresponding 

quantities of different types. This means that children create patterns of 

analogical thinking in dealing with problems and deal with false 

problems of illusion of linearity. According to Lannin et al. (2006) the 

use of analogy for finding linear patterns has been shown to. The above 

description fits the Greek educational reality. Indeed, the children, with 

the guidance of the classroom teacher, work on ratio problems, which 

ask them to construct a table of values with the quantities in the 

problem and examine whether the quantities are proportional or not. 

The main purpose of the algebra course in Greek high school is to 

cultivate children’s logical thinking through the familiarization and 

understanding of basic concepts and relationships (functions, 

equations, square roots, absolute values, etc.). However, the way algebra 

is taught is based on the traditional teaching model and the lesson has a 

formalistic character (Rizos & Adam, 2022) that is i.e., it is reduced to 

solving theoretical exercises and solving techniques. The educator 

writes on the blackboard and the students are asked to mechanically 

copy into their notebooks what they see on the blackboard. This way of 

teaching creates serious problems for students with SLD, as it is very 

difficult for them to copy from the blackboard and at the same time to 

understand what they are copying (Rizos & Foykas, 2023).  

Knowing the current practice followed in the context of the Greek 

school, we consider that our teaching intervention could help Hermes 

and in general students with Asperger syndrome to distinguish the 

essential differences between authentic problems of proportionality and 

problems of illusion of linearity. The empirical findings that emerged 

rather confirm our teaching choices. For example, at one stage of our 

teaching intervention Hermes stated: “I wish we could do in geometry 

such problems that have no words and not to use the notebook all the 

time but the millimeter paper you gave me”. 

The expected learning outcomes for the subunit of proportional 

sums in the unit of algebra according to the Curriculum of the 8th grade 

of high school are the following:  

(1) students should be able to identify the relationship between the 

values of two proportional quantities,  

(2) students should be able to know that the graph of the function 

𝑦 = 𝑎𝑥 connecting the proportional quantities passes through 

the origin of the axes, has slope a and they can plot it, and  

(3) students should be able to understand the important role of 𝑦 =

𝑎𝑥  in the study of physical phenomena with the aid of the 

interval-time diagram of a straight line motion. 

Notes on Asperger Syndrome 

Asperger syndrome was first described in 1944 by the Austrian 

psychiatrist Hans Asperger and is characterized by difficulties in 

acquiring social and communication skills (Vicedo & Ilerbaig, 2021). 

Children with Asperger syndrome have difficulty developing 

friendships with their peers and find it hard to communicate even with 

their family. Another characteristic is their deficits in understanding the 

actions and intentions of the individuals they interact with (Rourke & 

McGloin, 2019). More specifically, they cannot understand the facial 

expressions of their interlocutors and what they may mean by them. 

Moreover, children with Asperger syndrome are characterized by 

stereotypical behaviors, routines and limited interests (Gunardi et al., 

2019). For example, such a child moves their body back and forth in a 

repetitive way, has their stuff in a specific order and be obsessed with a 

particular subject, such as trains and dinosaurs. Also, children with 

Asperger syndrome have sensory problems and are highly sensitive to 

sound, light or touch (Testoni et al., 2019). They get very upset when 

someone suddenly touches them and they focus on details that typically 

developing children do not notice (Bury et al., 2020). 

The causes of Asperger’s disease have not been fully identified. The 

occurrence of Asperger’s disease appears to be due to a combination of 

genetic and environmental factors (Coskun et al., 2020). The 

characteristics of children with Asperger’s disease differ from those of 

children with autism. More specifically, children with Asperger’s 

disease show biological and metabolic differences during their 

development (Gasser et al., 2019), while children with autism have 

more severe social disorders, lower academic skills and stereotypical 

repetition of words and phrases compared to children with Asperger 

syndrome (McConkey, 2020). According to the latest version of 

diagnostic and statistical manual of mental disorders (DSM-V), 

Asperger syndrome was integrated into autism spectrum disorder 

(ASD) and at the same time the addition of evidence for the presence of 

cognitive and language disorders and levels of severity was made (De 

Giambattista et al., 2019).  
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Τhe prevalence rate of children with Asperger syndrome is 

estimated to be about 1% with an increasing trend and varies according 

to the diagnostic criteria used by each country (Mattila et al., 2007). 

Also, Asperger syndrome occurs more often in boys than in girls with 

an incidence rate of 2:1 (Gunardi et al., 2019). Children with Asperger 

syndrome have particularly high performance in mathematics 

compared to typically developing children. This fact has been the 

inspiration for production of many famous films like Rain man (1988), 

Mozart and the whale (2005), etc. More specifically, children with 

Asperger syndrome perform mathematical operations and reasoning 

with great speed and to a great extent, which is certainly impressive 

(Chiang & Lin, 2007). But they have difficulty understanding content of 

mathematical word problems, even though they have well-developed 

reading skills (Peklari, 2019). Children into ASD, which includes 

children with Asperger syndrome, may have higher levels of verbal 

intelligence than typically developing children (Tabatabaei et al., 2022). 

They use a rich vocabulary without often understanding meaning of 

words, making it difficult for them to understand the context of written 

texts. Children with Asperger syndrome attend general education with 

help of a parallel support teacher in the context of inclusive education, 

who cooperates with general teacher (Nilholm, 2021). 

Illusion of Linearity 

The teaching of proportional quantities and the function 𝑦 = 𝑎𝑥 is 

an essential part of the 8th grade mathematics curriculum. In particular, 

children from an early age take the linear model for granted and apply 

it without processing the information they have to deal with in their 

daily lives. According to Putarek and Vlahovic-Stetic (2019), the 

teaching of linear model is implemented with greater frequency than in 

high school, with the result that children adopt this model more readily. 

Based on what has been mentioned, there are mistakes due to the 

illusion of linearity that children find difficult to avoid. First, children 

take for granted that length and time are quantities that are connected 

by a proportional relationship, ignoring the illusion of linearity that 

exists (Duma, 2021). Another common mistake is the sum of the roots; 

many children consider that √𝑎 + 𝑏 = √𝑎 + √𝑏 because they believe 

that the property of the product of the roots also applies to the sum (De 

Bock et al., 2002). Besides, a common mistake that students seem to 

make with great frequency and due to the illusion of linearity is the sum 

of the absolute values (Gordon et al., 2019), that is |𝑎 + 𝑏| = |𝑎| + |𝑏|. 

We also have observed from our experience that very often mistakes 

associated with the illusion of linearity are 32 = 6, (𝑎 + 𝑏)2 = 𝑎2 +

𝑏2, 𝑠𝑖𝑛(𝑎 + 𝑏) = 𝑠𝑖𝑛𝑎 + 𝑠𝑖𝑛𝑏, 𝑙𝑜𝑔(𝑎 + 𝑏) = 𝑙𝑜𝑔𝑎 + 𝑙𝑜𝑔𝑏 etc. 

These cases are some examples of misuse and misunderstanding of 

the model of linearity and its application to linear relationships that are 

not linear. In addition, the illusion of linearity also occurs in geometry. 

More specifically, a large percentage of children aged 12-16 years 

believe that if the sides of a shape are enlarged, the volume and area of 

the shape will double, which is obviously not the case (Wester, 2020). 

The cultivation of creative thinking and the recognition of the illusion 

of linearity can shape students’ critical thinking in dealing with 

authentic and everyday problems. Its linear and extreme adoption 

cripples students’ creative thinking limits the scope of open thinking 

since the tendency to apply it is so strong that students apply it to non-

analogical problems (Millard & Gallard, 2020). 

 
1 PanHellenic examinations are an institution of the Greek State for admission of high school students to the country’s government universities. 

About Greek Education Reality & Interview With a Retired 
Teacher 

In the Greek education system, children with Asperger syndrome 

attend general school with the help of a parallel support teacher. 

However, parental consent is required for the school unit (general or 

special education). Furthermore, when a child moves from one 

educational level to another, a re-testing of the child by the Center for 

diagnostic assessment counseling and support (CDACS), where the 

child is reviewed by a team of specialists (psychologist, social worker, 

math teacher, philologist, etc.) and receives consent to continue in the 

same educational environment or to change. CDACS report for the 

child with Asperger syndrome usually recommends being examined 

orally and in writing at the same time with simultaneous presence of 

the general class teacher and the parallel support teacher. 

In the context of our research, we interviewed a retired math 

teacher, let as call him Mr. Chris, who had a student with Asperger 

syndrome. More specifically, we asked Mr. Chris for information about 

both the child’s academic progress and daily life. In 2013, Mr. Chris has 

attended a nine-month training seminar in special education and knows 

its basic principles. He told us that he had a student with Asperger 

syndrome (he was called Nikos) in the 9th grade of high school. Initially, 

CDACS responsible for the diagnosis of the child, inform the 

schoolteachers about Nikos’ case. He also had a very constructive 

collaboration with the parallel support teacher who assisted Nikos. 

Regarding social skills, Nikos was in serious trouble. During the 

break he sat alone without company. He also showed no interest in 

socializing and walked nervously up and down the schoolyard during 

breaks. As regards daily living skills, for breakfast he always ate an apple, 

which he brought from home. Furthermore, according to Mr. Chris, 

the things on their desks always had a specific place. His pencil was 

always on the right, his notebook in the middle and on the left was a 

bottle of water. In his spare time, he liked to play with puzzles and one 

of his special skills was recalling the telephone directory. 

As far as his academic abilities are concerned, the results differ. 

According to Mr. Chris, Nikos did not perform well in language classes 

and had serious difficulties. In fact, many times he did not want to be in 

class during these lessons and insistently asked the parallel teacher to 

leave the classroom. However, in Mathematics his performance was 

excellent. More specifically: 

Researcher: What was the child’s performance in mathematics? 

Mr. Chris: Nikos was a little “teacher of mathematics”. He 

answered directly to the questions I asked him and solved 

complex math problems more quickly than his typically 

developing classmates. 

In addition, Nikos’ performance in chemistry and physics was very 

good and his grades in these subjects were high. In PanHellenic exams1 

his grades in chemistry, mathematics, and physics were very high. The 

attitude of Mr. Chris and the rest of the teachers towards the child were 

positive and the atmosphere that had been created in the school was 

very encouraging. The school principal was very supportive and 

wanted to be kept informed of the child’s progress on a weekly basis. 

Finally, parents of the other children in the school were positive about 

Nikos’ presence in classroom and encouraged their children to help him. 
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DESCRIPTION OF THE PROJECT 

Profile of Hermes 

Hermes is a 15 year old child who has been diagnosed with Asperger 

syndrome at the age of three and lives in a country town in Greece. He 

has two brothers who are smaller than him. Hermes attends the 8th 

grade of high school with the help of parallel support teacher in the 

context of inclusive education. He is a quiet child who does not express 

his emotions because of the difficulties he has. Hermes follows a series 

of routines in his daily life. Every morning he brings from his home a 

sandwich cut into two equal pieces. That has never changed. He also has 

certain things on his desk and has a temper tantrum when someone 

changes their position. In addition, he is stressed with the time limit he 

can take to complete a project and prefer there to be no time limit. 

In terms of social skills, during the break he walks up and down on 

its own in a repetitive way in the same corner of the schoolyard. He has 

no friends and does not develop friendly relationships with any of the 

children in the school. In his free time, he likes to play with miniature 

cars and reads magazines about their features. In particular, he can recall 

the license plate numbers of cars he observes on the road and can recall 

them at any time. He also likes to build car puzzles and his favorite music 

is jazz. Finally, he likes colors and for this reason his teachers underline 

with a marker what he writes in the notebook on the blackboard. 

Regarding his academic achievements, his aptitude for mathematics 

is obvious. He has a very good grasp of mathematical concepts, and his 

performance is particularly high. When a teacher of another course is 

absent, joins with the parallel support teacher in another class (even and 

in 9th grade) doing math and he has active participation. However, he 

has difficulties with verbal problems because he does not understand 

the meaning of the problem. For this reason, he prefers algebraic 

problems because they do not have many words and problems from 

everyday life that are related to mathematics. Also, Hermes is very good 

in physics and especially in solving exercises. He knows how to use the 

types of physics and understand the physical interpretation of 

phenomena.  

In language courses, his performance is particularly low. More 

specifically, Hermes has difficulty in understanding the content of texts 

and writing a coherent text. Moreover, he makes many spelling 

mistakes when he is asked to write a text. His handwriting is poor, and 

his letters are unreadable. Hermes copies from the blackboard at a 

satisfactory level and makes no mistakes. He’s struggling to recall the 

next day’s language lessons. His reading level is relatively good, and he 

finds it difficult to spell large words of a text. For these reasons, he does 

not prefer these courses and his attendance at these classes is poor. 

In conclusion, the teaching staff and the children of the high school 

are friendly towards Hermes and create a friendly and supportive 

environment for him. The school director informs the new colleagues 

about Hermes and his special learning and behavioral characteristics, 

enhancing its inclusion in the student body. The school’s parents’ 

association was supportive of Hermes and encouraged their children to 

be friendly and supportive of him. 

Overview of the Project 

In the period from March to May 2023, we implemented a six-hour 

teaching intervention to investigate the way in which a child with 

Asperger syndrome perceives the illusion of linearity in authentic and 

word problems using manipulative materials. We intend to implement 

such a teaching intervention by October 2022. For this reason, we took 

the time to get to know Hermes better so that he feels comfortable with 

us and trusts us, due to his limited social skills. The class, where our 

research was carried out was the 8th grade of a general high school, 

which consisted of 21 children, including Hermes. We then informed 

Hermes and his family that we would like to work on a math project 

with Hermes as the focus. Hermes’ parents agreed to have Hermes 

participate in the project, as they felt that it would greatly help Hermes 

and broaden his mathematical experiences. Furthermore, Hermes was 

happy to participate in the project as mathematics is his favorite subject. 

In the first hour of our six-hour intervention, we proceeded to 

remind the children of the class of some basic concepts. More 

specifically, using an interactive whiteboard, we showed the children 

the concepts of perimeter, area, the proportional sums and inversely 

proportional sums, as “1 kg of apples costs 1 €, 2 kg of apples how much 

will cost?”, “10 workers complete a job in eight days, how many days 

will 20 workers complete it?”, etc. In addition, we showed graphical 

representations of proportional quantities on the interactive 

whiteboard, so that children can visualize the geometric interpretation 

of proportional quantities. 

In the second hour, a few days later, we gave the children of the class 

two word problems of illusion of linearity and asked them to solve it by 

the end of the hour. The contents of the first problem were as follows: 

“Georgia and John paint a fence at the same speed but Georgia started 

later. When Georgia had painted 20 meters, John painted 50 meters. If 

Georgia has painted 30 meters, how many meters will John have 

painted?”. The context of the second problem was as follows: “Anna and 

Harris are planting flowers at the same rate. Harris started earlier. 

When Anna had planted 8 flowers, Harris had planted 10 flowers. If 

Anna planted 20 flowers, how many would Harris have planted?”. 

Hermes, when he saw the problems, kept his head in despair as he had 

difficulties in understanding the written word. After reading both 

problems for 20 minutes, he asked us for help and wanted us to explain 

the content of the problems to him. So when we explained to him 

exactly what the problems asked for, he answered correctly by 

identifying the illusion of linearity that appears in them. The other 

children in the class were unable to identify the illusion of linearity and 

did not answer the problems correctly. 

The third hour held on the next day. We asked the music teacher to 

take the students to another room and we stayed in the classroom alone 

with Hermes. We chose a geometry problem, where the child is asked 

to find the perimeter and area of two squares made with manipulative 

material. We chose this option because we thought that the relationship 

between perimeter and area can be expressed with the help of a shape 

and the illusion of linearity that he might think about can be expressed 

with geometry. First, we gave Hermes two squares that we had designed 

on a piece of paper and cut them with scissors. One square had a side of 

two cm, and the other square had a side of four cm. First, we asked 

Hermes to tell us about the relationship between the perimeters of the 

two squares by drawing their perimeter with two different colored 

pencils (image 1 in Figure 1). Hermes found that the perimeter of a 4cm 

square is twice the perimeter of a two cm square. At that point, we 

explained to Hermes that this phenomenon is called “illusion of 

linearity” and that it occurs in several problems. 

Next, we gave Hermes again two two cm and four cm squares of 

millimeter paper cut with scissors and asked him to find the correlation 

of their areas, using a different colors pencil. Hermes, after coloring the 
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areas of the two shapes to find the correlation of their areas, took the 

square of smaller side and placed it four times on the larger square. 

When we asked him to tell us the correlation of the areas of the two 

shapes he showed us with his hand four fingers, understanding the 

phenomenon of illusion of linearity that exists between perimeter and 

area. Hermes was enthusiastic about the material we gave him and on 

his own holding the squares he said: “I like to touch the squares with my 

hand. They are like living things” (image 1 in Figure 1). 

The fourth hour of our teaching intervention took place after the 

Easter holidays, which last two weeks. A class discussion was held to see 

if the students remembered the terms they had been taught during the 

first hour of our intervention (e.g., proportional sums, inversely 

proportional sums, etc.), which had been implemented before the 

holidays. In this context, the children were given some small oral 

examples and asked to solve them. More specifically, we asked the 

children to solve the following questions orally: 

1. On the first day of my holidays I ran two km. On the second 

day, running at the same pace, how many km did I run? 

2. A bottle of water costs 0.50 € in the school canteen. How much 

are two bottles? 

3. One kgr of lamb costs 7 €. How much is ten kgr of lamb? 

4. Four people make four lamps in two days. Eight people in how 

many days make eight lamps? 

Hermes answered correctly to all the other problems we posed 

verbally, after we explained the exact scope of the problems. 

On the fifth hour we asked the English teacher to take the children of 

the class and go to another room for her lesson and Hermes and the 

teacher (the second author of the paper) stayed in the room alone. We 

first gave Hermes a small book of 16 pages, which Hermes kept holding 

in his hands and then asked him the following question: “If I read the 

first page in one minute, how many minutes will it take me to read the 

sixteen pages?”. Hermes has problems with communication and so we 

asked him several times so that we could get feedback from him. More 

specifically, we asked him: “Hermes, how long does it take to read the 

whole book? 16 minutes?”. Hermes replied by shaking negative his 

head. Then we asked him “why not?” and he answered us the following: 

“When I get tired, I read slowly. That’s why it takes me a long time to 

finish it”. Based on Hermes’ answers, it is clear that he has identified the 

illusion of linearity that exists in this particular question. 

Then, we gave Hermes a 720-pages algebra book (image 2 in 

Figure 1) and asked him the following question: “If I read one page a 

minute, will the 720 pages take me 720 minutes to read?”. Hermes gave 

a negative answer again. In particular, Hermes after taking the book in 

his hands (image 3 in Figure 1) and leafing through it for five minutes, 

said: “No, because I like mathematics very much and I’ll finish it very 

quickly”. In both of the two original problems we presented, Hermes 

responded positively, after expressing satisfaction with the books we 

gave him. He told us of his own accord: “I like to touch objects that are 

related to problems we do”. In fact, he spotted the trap of the illusion of 

linearity and did not answer according to the linear model. 

In the last hour we used another authentic problem with the parallel 

use of manipulative material. More specifically, we obtained six purple 

pegs, a rope and two white papers (image 4 in Figure 2). We again 

asked the gym teacher to take the rest of the students to another 

classroom and so we tied the rope at two points inside the math 

classroom. First, we asked Hermes to hang one white paper on the rope 

and he used two pegs to hang it (image 5 in Figure 2). Then, we asked 

Hermes to show us on the rope “what is the minimum number of pegs 

needed to hang two papers on the rope”. Hermes showed us three with 

his hand and stood up and hung the other paper with an extra peg 

(image 6 in Figure 2). And in this case, Hermes detected the illusion of 

linearity. At the end of our teaching intervention, we asked him: 

“Would you prefer the lesson of algebra to be done with word problems 

or with manipulative materials such as chopsticks, books, shapes made 

of millimeter paper, etc.?” Hermes replied with a smile and a distinct 

tone in his voice: “With the materials you bring. Only in this way now”. 

The research that we implemented in the case of Hermes is 

qualitative and aims to study the results obtained in the detection of the 

illusion of linearity by a student with Asperger syndrome using 

authentic real-world problems and the presence of manipulative 

material. In order to fully answer the research questions posed, we 

considered that the most appropriate methodology was the semi-

structured interview, which consisted of short open-ended questions to 

be answered. 

ANALYSIS OF THE RESEARCH DATA 

In order to obtain the basic data of our research (apart from the 

observation we made during our intervention) we constructed three 

open-ended questions, as simple as possible, due to the difficulties 

Hermes faces in understanding the content of the written word. We 

incorporated these questions as part of a semi-structured interview, 

which helps raise new ideas during the thematic conversation (Knott et 

al., 2022), that was implemented in the class due to the daily routine 

Hermes follows. 

Before we conducted the interview with Hermes, we gave him a 

worksheet, which contained the authentic real-world problems we did 

in our intervention in written form. In the problem with the pegs and 

the rope, we asked Hermes an additional question: “What is the 

minimum number of pegs needed to hang a third piece of white paper?” 

Three days after the last hour of our teaching intervention, we asked 

 

Figure 1. Images-I (Source: Authors) 

 

Figure 2. Images-II (Source: Authors) 
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the English teacher to take the other students of the class to another 

room and we were again alone with Hermes in his classroom. We gave 

him the worksheet and Hermes solved the problems correctly on his 

own and asked us a few questions about the content of the text. Τhe 

next day, we asked the music teacher to keep the students in another 

class and we did the semi-structured interview, which consisted of the 

following questions: 

1. Q1. Hermes, did the use of authentic real-world problems and 

concrete objects we used help you understand what the written 

problem was asking for? 

2. Q2. Did the concrete objects help you find the illusion of 

linearity in written problems? 

3. Q3. Would you prefer to use authentic real-world problems 

with concrete objects in your mathematics course or written 

problems? 

The answers we received from Hermes were short, due to the 

communication difficulties he faces. When our interview with the child 

was completed, we collected the data that emerged and proceeded to 

analyze it. The method we used to analyze the data was the content 

analysis (Abreu et al., 2022). In particular, we implemented an initial 

coding of the data resulting from the interview with Hermes (Table 1, 

Table 2, and Table 3). 

From the analysis of the data obtained from the semi-structured 

interview with Hermes, the following themes emerged, according to 

which he found it difficult to understand the content of the word 

problems and therefore he could not deal effectively with them. More 

specifically, Hermes reported: “I wish from now on to use concrete 

objects in algebra and geometry. They helped me a lot not to make a 

mistake”. 

In addition, the student prefers manipulative materials that he can 

touch to understand and solve the problem. In this way, he seems to 

detect the illusion of linearity and does not follow the linear model 

followed by the other students of the class. Furthermore, Hermes, 

through the analysis of the answers he has given us in the semi-

structured interview, seems to prefer the use of manipulative materials 

in the teaching of mathematics, which is also apparent from some of his 

expressions such as “with the materials you bring. Only in this way 

now”. Table 4 shows subject areas. 

Τhe use of authentic real-world problems with the simultaneous 

use of manipulative materials seems to have positive learning outcomes 

compared to word problems. Hermes was able to “transfer” the 

knowledge gained from this teaching process to solving word problems. 

At first, he had difficulty understanding the word problems we had 

given him because he did not understand their content. However, when 

we gave him the worksheet with the word problems that we had solved 

in class initially using manipulative materials, he identified the 

phenomenon of illusion of linearity with minimal help from us and 

solved the problems correctly. The particular strategy developed by 

Hermes is very reminiscent of Polya’s (1945) heuristics, according to 

which the solver has to wonder whether he/she has seen the problem 

before, whether he/she knows of a related problem, etc. 

The simultaneous use of authentic real-world problems and 

manipulative materials seems to have helped Hermes to understand the 

problems on his own and avoid the trap of the illusion of linearity. This 

is especially important considering that Hermes abhors word problems, 

and instead likes those related to his daily life. Such a practice, namely 

the utilization of manipulative materials in real-world problems, could 

therefore have a positive impact on the mathematical behavior of all 

children with ASDs, a conjecture, which however needs further 

investigation. 

Table 1. Q1. Hermes, did use of authentic real-world problems & concrete objects used help you understand what written problem was asking for? 

Interview extract Codes 

Problems we did that were related to my life I liked. Materials you gave me 

helped me to understand what problems were asking me, since I was touching 

what was being asked & what I needed to find was in front of me. So, I was able 

to use what I learned in t word problems. 

Positive effect of manipulative materials on teaching student with Asperger 

syndrome (B). Authentic real-world problems with simultaneous use of 

manipulatives material help student with Asperger syndrome to understand 

word problems (C). 
 

Table 2. Q2. Did concrete objects help you find illusion of linearity in written problems? 

Interview extract Codes 

I wish from now on to use concrete objects in algebra & geometry. They helped 

me a lot to identify that quantities are not proportional & not to make a mistake. 

I like them a lot. With word problems, I would not understand that there is no 

analogy, & I would certainly make a mistake. Word problems are difficult. 

Difficulty in detecting phenomenon of illusion of linearity with word problems 

(A). Positive effect of manipulative materials on teaching student with Asperger 

syndrome (B). 
 

Table 3. Q3. Would you prefer to use authentic real-world problems with concrete objects in your mathematics course or written problems? 

Interview extract Codes 

I really like materials & problems related to my daily life. They helped me to 

understand what you are telling us. I do not like word problems because I have a 

hard time understanding what they say & find out if quantities are proportional 

or not. 

Positive effect of manipulative materials on teaching student with Asperger 

syndrome (B). Authentic real-world problems with simultaneous use of 

manipulative materials help student with Asperger syndrome to understand 

word problems (C). 
 

Table 4. Subject areas 

Codes Symbols 

Difficulty in detecting phenomenon of illusion of linearity with word problems. A 

Positive effect of manipulative materials on teaching student with Asperger syndrome. B 

Authentic real-world problems with simultaneous use of manipulative materials help student with Asperger syndrome to understand word problems. C 
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FURTHER DISCUSSION AND SUGGESTIONS 

In the present study, we followed a relevant pedagogical approach 

in order to include all children with or without SLD in the mathematics 

class and to eliminate the exclusion of students from the educational 

process. Our teaching experience in both secondary and higher 

education shows that the illusion of linearity and the consequent and 

rather unavoidable errors of students seem to be a universal 

phenomenon. Thus, in our experiment we combined our pedagogical 

view with our teaching experience, with the ultimate goal of helping 

children with ASDs to avoid the trap of pseudo-proportionality, both 

at school and in their daily lives. 

The use of manipulative materials in mathematics (e.g., geometric 

instruments, cardboard shapes, rope, scissors, etc.) seems to have 

brought about significant changes in the way mathematical concepts are 

perceived and in the rational use of the linear model, as confirmed by 

the literature (De Bock, 1998; Meke et al., 2019). Furthermore, the use 

of authentic real-world problems in the teaching of mathematics links 

the learning of mathematics to children’s everyday life, thus activating 

their interest in mathematics. In the context of inclusive education, all 

children with or without SLD participate equally and without 

restriction in the learning process and thus the manipulative materials 

provide this possibility (Ramberg & Watkins, 2020). 

Our teaching intervention was implemented in order to document 

the handling of authentic real-world problems related to the illusion of 

linearity using manipulative materials by a student with Asperger 

syndrome attending a general school class. Through this process, the 

students are involved in real situations and thus new educational 

perspectives emerge that can help children with Asperger syndrome 

and typically developing children in general to understand 

mathematical concepts in depth and reinforcing the mechanical way of 

understanding mathematics, which inevitably leads to errors. The 

adoption of the linear model and the uncritical application of patterns 

even where they do not exist, is an effect of the formalistic character of 

the math lesson in today’s school. 

Some positive/optimistic points that emerge from this research are 

the following: 

1. Understanding the difference of proportional quantities from 

the illusion of linearity using manipulative materials. 

2. Increasing the learning engagement of the child with Asperger 

syndrome by using authentic real-world problems and 

manipulative materials. 

3. Making mathematics learning more attractive through the 

simultaneous use of manipulative materials and authentic real-

life problems. 

4. Application by the child with Asperger syndrome of the 

heuristics used in solving the authentic real-world problems to 

solve the same problems in word form. 

After all research converges that the mathematics course is made 

more interesting by using manipulative materials (Mere et al., 2019). 

Moreover, Hermes solved all the original problems correctly, a fact that 

converges with the literature (Bakar & Fauzi, 2019; Fauziyah et al., 

2021; Peltier et al., 2019). Furthermore, Hermes identified alone the 

illusion of linearity when solving original problems using simultaneous 

manipulative material (cf. Jitendra et al., 2019), while he struggled to 

understand and solve word problems and could not identify the illusion 

of linearity as opposed to genuine problems that he solved correctly, as 

expected from the literature (Cox & Root, 2020; Goldin, 2020; Vanluydt 

et al., 2022). 

The following limitations emerged during the investigation. The 

main ones are  

(a) the routines that the student followed during the teaching 

intervention, and  

(b) the time frame for the implementation of the stages of our 

intervention.  

More specifically, if we used colors or manipulative materials that 

Hermes did not like, he would not solve the exercises and would be very 

nervous. Also, there should be no time limits during the stages of our 

intervention because he gets very stressed when he has limited time. 

Consequently, the research questions we posed seem to have a 

positive answer. Regarding the first research question, Hermes initially 

struggled with the word problems due to his poor communication 

skills, but his reactions were very positive when he encountered real-

world problems with the use of manipulative material, as expressions 

like “I like to touch the objects” or “with the materials you bring” 

indicate. Regarding the second research question, the learning 

outcomes were positive, since the student correctly solved the word 

problems given to him in a worksheet form and avoided the trap of the 

illusion of linearity. 

Therefore, in view of all the above, it makes sense to make the 

following suggestions: 

1. The geometric interpretation of the illusion of linearity 

phenomenon can help a child with Asperger syndrome but 

possibly also the typically developing children to identify it. 

More specifically, it seems that the child can more easily 

assimilate mathematical concepts when they are presented to 

him/her geometrically rather than in the form of word 

problems. Thus the child can understand mathematical 

concepts in depth rather than mechanically and can identify 

them immediately, even in a word problem. 

2. In the mathematics course (both in algebra and geometry) there 

are units that could be taught with the use of manipulative 

material, which is not the case today. In particular, the current 

teaching of mathematics is done using the traditional teaching 

model. The teacher writes the mathematical concepts on the 

blackboard and the students copy mechanically, with the result 

that they are unable to understand in depth the concepts 

presented to them. Thus, students use the model of linearity 

without thinking about it and find it difficult to identify the 

phenomenon of the illusion of linearity that appears many 

times in word problems and in problems of their everyday life. 

3. The use of authentic real-world problems related to everyday 

situations for children with Asperger’s and typically developing 

children in the teaching of algebra and geometry can be another 

educational perspective. More specifically, children could be 

taught, through real problems, the terms and concepts of 

mathematics so that they can gain a deep understanding of their 

content and use the knowledge gained in word-based 

mathematical problems that often make it difficult for all 

children with or without SLD. 

4. Engaging the child with manipulative materials at an early age 

can be scaffolding for the introduction of ICT in teaching and 
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learning, including visual manipulatives, for children with 

Asperger syndrome as well as typically developing children. 

When teaching is based on the use of tangible materials, the 

child becomes familiar with them and in the future the use of 

ICT in teaching becomes more intimate and accessible to the 

child. Given that the use of virtual manipulatives has a positive 

effect on students’ confidence, understanding and performance 

(Haji Ismail et al., 2023), especially in the modern post-COVID-

19 and digital technology era, educators have an important 

resource in their effort to implement innovative and effective 

teaching models (Rizos et al., 2023). 

5. The in-depth understanding of mathematical concepts that 

seems to be achieved through the use of manipulative materials 

and authentic real-world problems may develop children’s 

critical thinking in dealing with problems in their everyday life. 

The way of thinking to identify “subtle” mathematical concepts 

(such as distinguishing the illusion of linearity from the linear 

model, which requires coherent thinking) can develop 

children’s critical thinking. Thus, as future citizens, they can 

deal coherently and thoughtfully with social and political 

situations in which they are confronted. 

These are some of the educational perspectives that come from 

teaching mathematics using real problems and manipulative materials. 

These teaching practices and suggestions can be used for the 

participation of all children in mathematics equally, without restrictions 

and barriers. Hands-on materials can be a key tool, together with ICT, 

for visualizing mathematical concepts, their geometric interpretation 

and helping children to identify phenomena (such as the illusion of 

linearity) that are difficult to understand with traditional teaching. 

For children with Asperger syndrome, these educational 

perspectives may help to deepen their understanding of mathematical 

concepts and mathematical problems in relation to frontal teaching and 

the use of word problems. In today’s inclusive school, teachers can use 

manipulative materials, authentic real-word problems and geometric 

interpretation of mathematical concepts to attract the interest of all 

children. In this way, children can gain a deeper understanding of 

mathematical concepts and identify any exceptions that may exist (e.g., 

the illusion of linearity). 

CONCLUSIONS 

Our research shows that the use of manipulative materials in 

authentic real-world problems helps students with Asperger syndrome 

to identify the illusion of linearity without the help of the teacher, 

compared to solving word problems that the student has difficulty 

understanding the content. The research on the teaching of linear 

functions, proportional quantities and the illusion of linearity to 

children with Asperger syndrome is rather limited both in Greece and 

internationally, so our research aimed to contribute to fill this gap. The 

use of authentic real-world problems with simultaneous use of 

manipulatives is after all an effective practice for children with Asperger 

syndrome and possibly for all children on the autism spectrum. This 

conjecture could be confirmed or rejected by a future study. 
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