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ABSTRACT

South African matric results on the National Senior Certificate indicate low success in geometry, as do other African
countries such as Nigeria. This poor performance affects potential career choices for students and limits the
number of students who enter the highly-needed engineering fields on the African continent. Hence, this paper
reports findings from a quasi-experiment involving 186 Grade 11 students from four conveniently selected township
secondary schools in the Limpopo province of South Africa. The study tested the effect of Van Hiele theory-based
instruction on the students’ geometric proof competencies. Data were collected using a geometry proof test and
analysed using nonparametric analysis of covariance. Results showed that there was a statistically significant
difference in students’ performance between the treatment and control groups (T=595.9,p=.005,7p? =.684). Analysis
of nonparametric regression curves fitted for the treatment and control groups showed that the treatment group
had higher post-test scores than the control group. It was therefore concluded that Van Hiele theory-based
instruction is more effective in teaching non-routine geometric proofs than conventional instruction. The study
recommends that geometry teachers in upper secondary school should consider implementing Van Hiele theory-
based instruction to enhance students’ geometric proof competence.
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INTRODUCTION

Literature indicates that secondary school students are expected to
demonstrate geometric thinking at Van Hiele Levels 3 and 4, but
research reveals that they are far below the expected level (Fabiyi, 2017;
Luneta, 2015). Euclidean geometry in upper secondary school offers
students a natural place to learn the art of proving. There are a variety
of arguments to support the incorporation of geometric proof in the
high school mathematics curriculum. In addition to laying the
foundation for higher education studies in Mathematics, Science and
Technology (Ndlovu & Mji, 2012), proofs provide students with an
opportunity to improve their problem-solving, critical thinking,
deductive reasoning, analytical and visual skills (Jones, 2002). These

skills are invaluable to the lives of the citizens of a country.

However, despite numerous justifications for including geometric
proofs in secondary school mathematics curricula, reports from
examiners across a number of countries indicate that Euclidean
geometry questions that require students to construct non-routine
geometric proofs are not well answered, with many candidates not even
trying to answer such questions (Department of Basic Education, 2015;
Mwadzaangati, 2015; West African Examination Council, 2015). The

poor performance of high school students on Euclidean geometry
proofs has been attributed to the teachers’ lack of pedagogical
knowledge for teaching this mathematical aspect. Teachers tend to use
conventional teaching methods despite multiple calls to adopt student-
centred approaches (Harel & Fuller, 2009; Mudaly, 2007; Siyepu, 2014).
The situation is aggravated by the lack of empirical evidence to guide
teachers on how they can improve the teaching of geometric proofs in

upper secondary school.

Due to inadequate teaching of Euclidean geometry across grade
levels, students are moving from one grade to the next, with huge gaps
in their geometry knowledge and skills. As a result, many students go
to upper secondary school underprepared. Studies that have assessed
students’ levels of geometric thought in upper secondary school indicate
that most students are operating at a far lower level than expected (see
for example, Alex & Mammen, 2012; Atebe, 2008). Traditional methods
would definitely not be able to resolve this situation. There is a
desperate need for teachers to try something new. Research involving
first-year university students in South Africa has shown that most
students are lagging behind in their deductive skills (see, for example,
Luneta, 2014). Some of these students are training to be mathematics
teachers, and one wonders what kind of mathematics teachers they are

going to be.
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The question that emerges from this background is: How should
mathematics teachers in upper secondary school teach the aspect of
geometric proof to enhance students’ achievement? The present study
assumed that a model of instruction based on the Van Hiele theory
could help to address this issue.

THEORETICAL FRAMEWORK

This study was based on the theory developed by Pierre Marie van
Hiele and Dina van Hiele-Geldof in their doctoral dissertations at the
University of Utrecht in the Netherlands in 1957 (see Fuys, Geddes, &
Tischler, 1988). The Van Hieles argued that most students had
difficulties with secondary school geometry because they had not had
enough previous geometry learning experiences at lower levels (Cirillo,
2009). After close examination of the work of their students, the Van
Hieles concluded that students’ geometric thought appeared to progress
through a series of five hierarchical levels (Van Hiele, 1984): visual,
analytical, informal deduction, formal deduction, and rigour.

At the visual level, students can only recognize geometric figures
(such as triangles, rectangles, squares and rhombi) by their physical
appearance and not by their properties (Crowley, 1987). This is typical
of pre-school learners up to Grade 2 (Malloy, 2002). At the analytical
level, students are able to identify geometric figures by their properties,
but cannot see the interrelationships between geometric figures and still
1987; Rahim, 2014;
Shaughnessy & Burger, 1985). This is typical of students in Grades 2 to
5 (Malloy, 2002). At the level of informal deduction, students can now

cannot understand definitions (Crowley,

classify geometric figures based on their properties. The concept of class
inclusion is now understood and definitions become meaningful
(Rahim, 2014). Nevertheless, formal reasoning is not yet understood
(Van Hiele, 1984). This is typical of students in Grades 5 to 8 (Malloy,
2002). At the level of students can now construct proofs using the
deductive approach, as they now understand the role of definitions,
axioms, theorems and their converses (Crowley, 1987; Rahim, 2014;
Shaughnessy & Burger, 1985). This is typical of students in upper
secondary school (Malloy, 2002). At the level of rigour, students
understand the relationships between different axiomatic systems, and
can compare, analyze and create proofs in non-Euclidean geometries
(Crowley, 1987; Rahim, 2014; Shaughnessy & Burger, 1985). This is

typical of students at college or university.

According to the Van Hiele theory, students can only succeed in
learning geometry if they pass through all the levels in their order
without skipping any level. In order to be successful at level (n),
students must first master level (n — 1) (Usiskin, 1982). The Van
Hieles concluded that the majority of secondary school students fail to
succeed in learning and understanding geometry because teachers
present geometry at a higher level than that of the learner (Van Hiele-
Geldof, 1984; Van Hiele, 1984). This results in a disparity between what
is being taught and the students’ level of understanding. The Van Hieles
warned against forcing students to a particular level when they are not
ready, as this would result in students simply imitating the teacher’s
work without proper understanding (Van Hiele-Geldof, 1984). In order
to teach geometry effectively, teachers should align their teaching with
students’ current Van Hiele levels (Fuys, Geddes, & Tischler, 1988). In
order for students to move from one level to the next higher level of
geometric thinking, instruction should be structured according to five

learning phases: information, guided orientation, explicitation, free

orientation, and integration (Van Hiele, 1984).

As Abdullah and Zakaria (2013) summarize, the inquiry phase
involves teacher-student conversation in order to establish students’
prior knowledge of the topic and to help them recognize the direction
the lessons will take. During the guided orientation phase, students
explore the topic and make discoveries through guided lesson activities.
In the explicitation phase, students express and exchange emerging
views based on what they have observed during the guided orientation
phase. The free orientation phase allows students to solve open-ended
and more complex tasks, such as multi-steps geometry tasks that can be
solved in more than one way. In the integration phase, students review,
synthesize and summarize what they have learnt in order to establish
an overview of the new network of relations. After going through all
these five phases, it is then that the student attains a new level of

geometric thinking (Van Hiele, 1984).

If the Van Hiele theory is right, students who go to upper secondary
school should at least have reached Van Hiele’s third level (informal
deduction) in order for them to be ready for the fourth level
(deduction). This is the ideal situation. However, the situation in many
mathematics classrooms is far from ideal. Several studies have found
that the majority of the students operate far below their expected Van
Hiele levels (Alex & Mammen, 2012; Atebe, 2008). The present study
posits that the very same theory that explains how students’ levels of
geometric thinking progress provides insight into how teachers can
effectively teach geometric proofs in classrooms where students’
difficulties with proof have been identified. Based on the Van Hiele
theory, learners will not understand geometric proofs if they have not

mastered the level of informal deduction.

The implication for teaching geometric proof is that, the
mathematics teacher should first determine the current levels of
geometric thinking of the students to see if the students are ready to
learn proofs. If the students are not ready, then the teacher should first
try to make up for the learning deficits in order to get the students to
standard before introducing formal proofs. Another important
contribution of the Van Hiele theory to the teaching and learning of
geometric proofs is the idea that students’ understanding of geometric
concepts is largely influenced by how mathematics teachers teach.
Therefore, the fact that most students come to secondary school not
ready to learn geometric proofs should not be an excuse when those
students leave secondary school unable to construct and write proofs.
The Van Hiele teaching phases provide guidance on how to design and
organize instruction in a way that enhances students’ understanding of
geometry concepts at any level, which by implication, includes

geometric proofs.

PURPOSE OF THE STUDY

The purpose of this study was to design, implement and test the
effectiveness of a Van Hiele theory-based model for teaching non-

routine geometric proofs in Grade 11.

METHODOLOGY

This research used a quasi-experimental design with non-
equivalent groups. The non-equivalent groups quasi-experiment does
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Figure 1. Proposed van Hiele theory-based model for teaching geometry proofs

not randomly assign participants to treatment and control groups. Four
secondary schools from two townships in Limpopo province were
conveniently chosen to take part in the study. Two secondary schools
in Seshego Township formed the experimental group, while two other
secondary schools in Mankweng Township formed the control group.
Schools were matched on the basis of their quintile status. All four
schools were categorized as quintile 3 government funded non-fee
schools. These schools are located in low socio-economic status areas
characterized by low family income, low education and high
unemployment. For most students coming from these areas, what is
happening within the four walls of the mathematics classroom is what

determines student achievement.

A total of 186 Grade 11 students from four intact classes
participated in the study. Of these, 82 students were in the experimental
group, while 104 were in the control group. Students in the
experimental group were taught by the researcher using Van Hiele
theory-based instruction, while those in the control group were taught
by their teachers the regular way. The model of instruction

implemented in the experimental group schools is shown in Figure 1.

Topic introduction involved giving students a brief history of
Euclidean geometry, discussing the role of geometry in human life, and
the professions in which Euclidean geometry knowledge and skills are
useful. A prior knowledge assessment test was administered to the
experimental group students to assess their current levels of geometric
thought. This was based on the concepts of Grade 8-10 geometry. Test
item analysis was done to identify learning gaps and students who
needed to be placed on a remedial programme. Bridging lessons were
given to students to try to close identified learning gaps. Students at risk
were put on a continuous remedial programme for the duration of the
topic.

In Stage 1, students were informed of what they are going to learn
about in Grade 11 Euclidean geometry. We discussed the terminology

of the topic which included words such as: chord, diameter, radius,

segment, arc, sector, secant, tangent, perpendicular, parallel,

corresponding, alternate, vertically opposite, interior, exterior,
supplementary, complementary, adjacent, co-interior, minor segment,
major segment, and cyclic quadrilateral. During the guided orientation
phase, students engaged in practical investigation activities using ready-
made sketches in the Geometer’s Sketch Pad (GSP). The teacher guided
students in these activities. In the explicitation phase, students
exchanged views based on what they had observed in their explorations.
During the free orientation, students explored properties of given
geometric figures using the GSP, without interference from the teacher.
In the integration phase we had a whole class discussion to summarize
findings of the investigations. The teacher explained that there is no
guarantee that the results obtained in the empirical investigations are
always true. This is because the results were obtained through trying
out a few cases, which does not necessarily mean that they are valid in

all cases. The teacher used this to emphasize the need for formal proof.

Stage 2 was divided into two parts. The first part was the proving
of theorems, and the second part was the proving of riders. In both
cases, students were informed of what they are going to learn about.
The teacher guided students through the proving process. Students
were given the opportunity to share their opinions on what they had
learnt from the guided orientation activities. Students then practised
the proving process in pairs and in small groups without the guidance
of the teacher. They reported back on their findings and we had a whole

class discussion to integrate the findings.

The experiment was carried out over a period of four weeks. The
researcher developed a geometry proof test consisting of four long
questions. Seven mathematics experts were requested to rate the
relevance of the test items using a criterion adapted from Yaghmaie
(2003). Item content validity indices were calculated using a modified
kappa statistic (k™). A mean kappa value of .99 was obtained which
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Figure 2. Non-parametric smoothing curves for the control and treatment groups

indicated that there was near perfect agreement among the raters that
the test items were a valid measure of students’ geometric proof
competencies. Reliability of the test was assessed using the test retest
criterion. Pearson’s correlation coefficient value of .824 was obtained,
which fell above the minimum reliability threshold of .70 recommended
by Paiva, et al. (2014). It was concluded that the test was reliable. Both
control and experimental group students were given the same test

before and after intervention.

Data were analysed using non-parametric ANCOVA, with pre-test

score as a covariate.

FINDINGS AND DISCUSSION

Test of equality of non-parametric regression curves fitted for the
experimental and control groups using the smoothing model ‘sm.
ancova’ function in R indicated a statistically significant difference in
the performance of the two groups (h = 2.26,p = .000), at the 5%

level of significance (see Figure 2).

Further statistical analysis of post-test percentage scores using a
locally weighted polynomial smoother ‘loess. ancova’ function in the
fANCOVA package in R, confirmed that there was indeed a statistically
significant difference in students’ performance between the
experimental and control groups (T = 595.9,p =.005, npz =
.684) .Visual inspection of locally estimated scatter-plot smoothing
(LOESS) curves fitted for the experimental and control groups using
bias-corrected Akaike Information Criterion (AICc) revealed that the
experimental group had higher scores than the control group (see

Figure 3).

Analysis of the descriptive statistics produced by the LOESS
function in R showed that the median score for the experimental group
was 49.288 points greater than that of the control group. Thus, the Van
Hiele theory-based model of instruction had a greater positive impact
on the students’ geometric proof competencies than the conventional

teaching approach. These findings are consistent with previous

research on the effect of Van Hiele theory-based instruction on

students’ levels of geometric thinking.

While a number of studies have evaluated the effect of Van Hiele
theory-based instruction on students’ understanding of geometry
concepts, none of the studies found in literature implemented Van Hiele
theory-based instruction in teaching geometric proofs to students who
go to upper secondary school with huge gaps in their geometry
knowledge and skills. Abdullah and Zakaria (2013), Alex and Mammen
(2016), and Serow (2008), implemented Van Hiele-based instruction in
the teaching and learning of properties of triangles and quadrilaterals at
Grades 9 and 10. Meng (2009), and Shi-Pui and Ka-Luen (2009)
implemented Van Hiele phase-based instruction in the teaching and
learning of solid geometry. Siew, Chong, and Abdullah (2013) applied
Van Hiele phase-based instruction in teaching the concept of symmetry
of two-dimensional shapes at Grade 3 level. Liu (2005) implemented
Van Hiele-based instruction in teaching one of the theorems of circle
geometry. These studies focused on developing the geometric thinking
of students at elementary and junior levels. Much attention has been
directed towards developing students’ visual, analytical and informal
deduction skills, and less attention has been paid to developing students’

geometric proof competencies.

With numerous reports indicating that upper secondary school
students are unable to achieve formal deduction due to inadequate prior
knowledge, the findings of this study show that it is possible to help
many students who go to upper secondary school geometry classes
underprepared to catch up and master geometric proofs. Teachers
should therefore not use students’ Van Hiele levels at the beginning of
the year to predict students’ geometry performance at the end of the
year. Most students are victims of bad teaching in the past. Given the
right these
improvements within a short period of time as demonstrated by this

instruction, students can still make substantial
study. This is confirmed by Gutiérrez, Jaime, and Fortuny (1991), who
found that is possible for a student to master two Van Hiele levels

simultaneously.
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Figure 3. Curves for treatment and control groups

RECOMMENDATIONS AND CONCLUSION

Based on the findings of this study, we recommend that
mathematics teachers who still find it difficult to make geometric proofs
accessible to most of their students should consider switching from
regular instruction to Van Hiele theory-based instruction. Not every
teacher is aware of the Van Hiele theory and its implications for
geometry teaching and learning. Pre-and in-service teachers should
therefore be trained on how to implement Van Hiele theory-based
instruction in their geometry lessons. Future research should replicate
this study with a larger sample of randomly selected schools to obtain
more definitive results to give more weight to current findings.
Another possible topic for future research is to explore students’
reflections on the implementation of Van Hiele theory-based
instruction in order to elicit the exact elements of the Van Hiele model
that make it more effective than regular instruction. Based on the
students’ views, suggestions on ways to improve the Van Hiele model

could also be uncovered.
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